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Dynamically Unbalanced Dual-Spin Space Stations with

Rigid or Low-Coupling Interconnections

RicaARD A. WENGLARZ*
Bellcomm Inc., Washington, D.C.

Effects of dynamic unbalances are determined for an axially symmetrical, dual-spin space
station consisting of a rotating artificial gravity section and a controlled, despun zero gravity
section. Configurations with either a rigid interconnection or a low-coupling flexible inter-
connection between sections are considered. Amplitudes of motion and control system re-
quirements are compared for these configurations. Both configurations are found to experi-
ence coning motions. For large space stations with rigid interconnection, control moment
gyros (CMGs) are found impractical for reducing coning motions to within allowable limits
for many experiments and special systems such as active mass balancing are necessary. How-
ever, for a flexible interconnection, coning motions of the despun section are substantially

reduced and CMGs could be utilized to reduce motions to acceptable levels.

Introduction

EVERAL studies'~* have been conducted in recent years

on the attitude motion of dual-spin spacecraft consisting
of two bodies with relative motion restricted to rotations
about a common axis fixed in both. However, it has been
proposed* that a low-coupling interconnection which also
permits relative rotations of the bodies about directions nor-
mal to that axis may offer advantages over the rigid inter-
connection. Reference 4 states that a low-coupling inter-
connection designed to transmit only low-levels of torque
normal to the common axis could attenuate the effects of
mass unbalances of the spinning section on the motion of the
despun section. _

A recent study® has determined that such isolation does
occur and that dissipation in a flexible interconnection is an
effective means of attenuating nutation. However, that
study considers a passive system except for a constant speed
motor driving the spinning section at a fixed relative rate.
Following is an analysis of the effects of dynamic mass un-
balances on attitude motion and stability for dual-spin satel-
lites that are actively coritrolled by control moment gyros
(CMGs) and have either a rigid interconnection or a low-
coupling interconnection. A comparison is then given for
amplitudes of motion and CMG requirements for the two
interconnections and the results are applied to a large space
base.
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System Description

The space station dynamical model to be considered is
shown in Fig. 1 and consists of two sections attached by a
massless gimbal arrangement. The satellite is stabilized
by CMGs providing three axis control on one of the sections.
The other section is assumed driven at a constant rate about
a line which is not a principal axis of inertia for that body.

System details and terminology are given as follows: The
spinning section is termed body B and the other section is
termed body A. Both are axially symmetrical with principal
moments of inertia for their mass centers denoted by B; and
4, respectively, in the directions of the symmetry axes, and
B; and A4,, respectively, in directions normal to the symmetry
axes. For body B, the mass is designated Mz, the mass
center is designated B* and a right-handed, mutually
orthogonal set of unit vectors parallel to principal axes of
B at B* is designated by by, by, bs. Similar quantities for
body A are mass M4, mass center A* and unit vectors ai,
a,, a3, parallel to principal axes at A*.

An inertially fixed set of unit vectors ao, @z, as, is defined
by the initial orientation of ai, as, az at time ¢ = 0. The orien-
tation of a;, as, a3 (and consequently A) at some subsequent
time ¢ is described with respect to ai, as, as, by a 1,2,3
sequence of three axis Euler angles ¢1, ¢, ¢s.  Also, the CMG
control torque on A is assumed related to @1, ¢s, ¢3, by

T4 = —[(Ko + Kl(i’l)al + (Ko + Kl‘i’z)az +
(Kosps + Klsqgs)as] (1)

where Ko, Kos, K1, Ky3 are measures of the level of attitude
control.
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Body B is driven at a constant rate w about a drive axis
which is slightly misaligned from the principal axis in the
direction of b;. Let by, by, by’ be a right-handed set of
mutually orthogonal unit vectors fixed in B with by’ in the
direction of the drive axis and let the transfer relations be-
tween b; and b, be given by

3
b; = E b;b;’ 2)
=1

The drive axis of B intersects B* and point 0 which is the
common intersection of the symmetry axis of 4 and the axes
of the gimbal connecting A and B. A* and B* are located
at distances I, and Iz, respectively, from 0. Rotations 6;
about gimbal axis Gy and 8; about gimbal axis (7, describe the
orientation of the drive axis of B with respect to a;, a,, a; as
shown in Fig. 1. Unit vectors c;, s, ¢3 are designated such
that ¢; is parallel to the drive axis, ¢, is parallel to G, and ¢,
completes the mutually orthogonal right-handed set. Mo-
tion of A relative to B is resisted by gimbal axes torque
6T4 on A with components ¢T 4 along G, given by

GTiA = Cogi + 0161 1, = 1,2 (3)

Coefficients Cp and C; are associated with gimbal stiffness and
dissipation, respectively.

Equations of Motion

Gravity gradient and other environmental torques will
be neglected in the formulation of equations of motion be-
cause, for rotation rate w much greater than orbital rate,
their magnitudes are much smaller than the magnitude of
torque associated with misalignment of the spin axis of B.

The three Euler angles ¢, ¢, ¢s, which describe the orienta-
tion of body A relative to inertially fixed axes, the two
gimbal angles 6, and 6, and the presecribed rotation wt of
B about its spin axis provide a complete description of the
satellite orientation. Euler’s dynamical equations for rota-
tional motions together with Newton’s equations for transla-
tional motions of A and B may be written in terms of these
variables. Reaction forces between A and B may be elimi-
nated from the rotational equations of motion using the trans-
lational equations of motion. Linearization of the resulting
equations about initial state ¢; = €; = 0,7 = 1,2,3; j =
1,2, yields
d"‘l[Bl —‘|— Bb1 + MlB(lA + ZB) + B(-sz?Q}t + bgc2wt)] +

(2523(1)3826015 + b202wt) -+ 2$3Bb33(b130wt - b23swt) +
6,(B, -+ Bby + Mlg? 4 B(—bss2wt + bse2et)] +
6B (bss2wt + byc2wt) — droB (bss2wt -+ byc2et) +
QSQCO[B;; — Bb1 —|— B(-—bgs2wt + b362wt)] -
4(}53wBb33(b230wt + b13swt) + 0.1[01 _ wB(bssZwt +
boc2wt)] + byw[Bs — Bby + B(—bys2wt 4 bsc2wt)] +

0,Co = 20w2Bbg(bycwt + biswt)  (4)
¢1B (b3s2wt + byc2wt) + ¢3[By + Bb, + Miz(ls + 1z) +
B(hs2wt — bsc2wt)] + 2¢3Bbgs(bagceot + bizswt) -+
6B (bss2wt + boc2wt) + G:[B; + Bb, + Mlp? +
B(bes2wt — byc2wt)] — ¢row[Bs — Bby + B(bss2uwt —
bac2wt) ] + dowB (bss2wt + bac2wt) + 4dswBbss(bscwt —
busswt) — f1w[Bs — Bby -+ B(bs2wt — byc2ut)] +
6:[C: + wB(bs20t + byc2wt)] 4 0.0y = — 2w Bby(busceot
— byswt) (H)
2¢1Bbss(bisceot — basseot) + 2¢2Bbgs(bysceot 4 bigswt) +
$3(Ads + By — 2Bb1) + 26,/Bbss(bycwt — byswt) -
26,Bbgs (byscart + buswt) + ¢sKiz + ¢:Kos = 0 (6)
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B {SPINNING SECTION)

A{DESPUN SECTION}

Fig. 1 Dual-spin spacecraft with flexible interconnec-
tion.

Gi[dr + Mlu(s + 1p)] + 6 MIuds + ¢K1 +
Ko — 6.C1 — 6,0, =0 (7)

$2lAr + Mls(la + 15)] + 8Mlals + ¢:K1 +
$:Ko — 6:C, — 0:Co = 0 (8)
where B = (Bs — B))/2 M = MiMg/(Ma + Mpz)
by = bis® + by? by = 2bisbas by = b2 — by (9)
and
20wt = sin2wt 2wt = cos2wi

Although linearized, these equations involve periodic
coefficients and standard techniques for a closed form solution
are not available. However, they can be written in a stan-
dard matrix form that will be seen to have a stable steady-state
periodic solution which may be represented through a method
of successive approximations for small spin axis misalign-
ments.

Now, establishment of a new independent variable, v =
wt, 5o that d( )/dt = wd( )/dr = w( )’, the writing of
Eqs. (4-8) in terms of 7, solution of these equations for
&7, @, 3", 67, 6," and definition of a vector x with com-
ponents z; given by

w= o Pehed T = A )
1 = 1,2,3 Titg = 0;‘ J = 1;2
along with
Ny = elkl/A Mg = e2a/A Nz = (ahm -‘l" ejhu)/A
M = efo/ A s = (ahe + erha)/ A
Ny = kl/A Ney = 62/A Nog = (hm + hu)/A (11)

Nas = ko/ A 1y = (hoe + hot)/ A
N = ks np=ky A=e—a
where
e, = (B, + Mlg®/J, e = Bs/J: hiw = Ci/wds
h02 = Co/w2J2 a = ﬂIlAlg/zh k1 = K1/wJ1 (12)
]{}0 = Ko/w2J1 hu = Cl/le ha = CO/w2J1
kls = Kla/wJ:; kos = K03/w2J3

and

J1= A1+Z‘llA(ZA+lB) J2= Bl+MlB(lA+ lB)
J3 = A3+ Bs d= B/Jz (13)
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yields equations of motion in a standard matrix form,
2’ = [D+ Flrwle + glr,u) = fr,z,pn) (14

where p is a two-dimensional vector,

bl3
o= [b] {15

Constant matrix D and column vector ¢ are given by

— |
— N M2 0 s g | —nn
— N2 — Ny 0 — N2 s Il 0
0 0 - N3 0 0 | 0
Nz — T2 0 —Naz — g | N2y
D=| m__ m __0__ m —ms, 0
1 |
: O
1 i
O : |
|
- 1 |
(16)
g=1[—apn—ag 0 g1 go 0 0 0 O 0]
where
g1 = 2d;(1 — byg? — bays?)V2(bager + bussr) an

[+53 2d1(1 - b132 - b232) 1/2(1723ST - blaCT)

in which d; = d/[A + terms of order 2 and higher in b3, bys].
The matrix F(r,u) is periodic in 7 with period 27 with all ele-
ments proportional to first and higher powers in bi; and bes.
Consequently, for b3 = by = 0 then u = 0 and both F(r, 0)
and g{7,0) are zero.{

As discussed in Appendix A, Coddington and Levinson®
have established a method of successive approximations for
finding periodic solutions to systems of equations with a
small real constant vector u provided certain conditions are
satisfied. These conditions applied to the problem at hand
are: 1)z’ = f(r,2,0) = Dz has no periodic solution of period
27 other than the trivial solution z = 0, 2) f(r,z,u) is analytic
in (z,u) for |u| small. Furthermore, 3) if the real parts of
the characteristic roots of matrix D are all negative, then
the periodic solution to Eq. (14) is asymptotically stable for
[u] small. Then, in the steady state, for initial conditions
z}rmo sufficiently small, all solutions to Eq. (14) approach
the periodic solution represented by the method of successive
approximations.

Also, for the condition of statement 3 satisfied, statement
1 is also satisfied and it is only necessary to test Eq. (14)
with respect to statements 2 and 3.

Since f involves only the first power in z, it is obviously
analytic, i.e., representable by a convergent power series, in
z. It may be shown that f involves rational functions of
bz, bas and (1 — b2 — bsH) V2, all of which are analytic for
[u] « 1. Products, quotients and sums of these in f are also
analytic since there results no poles (i.e., f bounded) for small
|u].  Consequently, f is analytic and is representable by a
convergent power series in (z,p). Condition 2 is satisfied.

Hurwitz analysis’” may be used to check condition 3
whether all characteristic roots of matrix D have negative
real parts. However, for this case Hurwitz techniques re-
quire éxpansion of determinants of up to order ten. This
process may be made manageable by taking advantage of
the properties of the two satellite configurations of concern.

For rigid interconnection between satellite sections, Cy is
very large and nis and nss are very much greater than the
other n;; of matrix D.

As previously mentioned, a design that attenuates the
effect of the motion of B on that of A is desired. Equations

t This corresponds to the drive axis aligned along a principal
axis of inertia.

-
0 0 s 0

— T4 0 0 s
0 — g 0 0
0 0 — N5 0
Noy 0 0 — N2
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(7) and (8) show that the motion of A is decoupled from the
motion of B if Mlals, Cs, Cy are zero. Although zero values
cannot be achieved in practice, this suggests satellite design
so that these are small. This low-coupling design is char-
acterized by regarding nis, nis, 15, e, N2s as small compared
to the other n; of matrix D. This corresponds to relatively
small gimbal axis torques and to locating the intersection of
the gimbal axes close to the mass center of 4 or B.

The above considerations enable one to neglect higher
order powers of small parameters in the expansion of the
Hurwitz determinents so that the conditions for all the char-
acteristic roots of matrix D to have negative real parts are
that Ko, K1, Ka;, Ky all be positive for a configuration with
rigid interconnection, and that Ko, Ki, Ko, Kus, Co, Cy all
be positive for a configuration with low-coupling intercon-
nection.

Consequently, if either of the above conditions is satisfied,
the condition of statement 3 is satisfied and for |u| and
|, =0 small, the method of successive approximations may be
applied to determine the steady-state solutions of Eq. (14).
Carrying terms to first powers in by and by,

&1 = qusT + queT  Po = qu8T — quet ¢z = 0

(18)
0, = QST + gucT 0, = GouST — GacCT
where
gn = [=MTs— Vo) + N(Vs— V)I/[(Ve — Vy)? +
(Vs — Vi)?]
gn = MVy = V) + NI — Val/l(Ve — Vo) +
(Vi— V2]
M= 2dby N = 2dbiz qu = quNs — 2N (19)
qi2 = 921N1 + 922N2
V1=N2— U5 Ve = Ny — U7 V3=N1U6
Vi= Us(l + Ny
Ni= (UUs + UUp)/ (U2 + Us?)
Nz = (U3U4 - U1U2)/(Ul2 + U32)
and

U1= ko— 1 U2= —(a+h01) U3 = k] Us = hll
Us=he—e Us=¢€ U;=hp

For small misalignments b, by of the drive axis of B,
Eq. (18) gives first-order approximations to satellite motion
for either rigid interconnection (hei, ho: very large) or low-
coupling interconnection (hey, Aoz, hu, bz, and a very small)
between A and B [see Eq. (12)].

(20)

Discussion of Solution

Rigid Interconnection

For small amplitude motions, the angle ¥, which the
symmetry axis of A makes with its nominal direction (that
for which ¢, = ¢ = 0) is accurately given by ¢, = {(¢:* +
:2)V? and taking hg and he to infinity (representing a per-
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fectly rigid interconnection) gives

¥r = 8/I(1 + Ro)? + R:2]12 (21)
where
& = (bis? + b))V (Bs — By)/(Bs ~ J)|
Ry = Ko/w*(Bs — J) R = Ki/w(By — J) (22)

J=J1+J2

Since . is constant with respect to time, the symmetry axis
traces a right circular cone with half-angle ¥, once each
period T = 27/w sec.

For satellite motion given by the solutions ¢, ¢s, ¢, the
minimum magnitude H, of CMG angular momentum neces-
sary to provide the control torque of Eq. (1) is determined,
as shown in Ref. 4, by integration of the equations of motion
for the composite CMG momentum and picking initial condi-
tions to minimize the maximum magnitude of the momentum

. = He{ (R + RH/[( + Ry)? + R2l}¥2 (23)

where
Hor = (big? + by?)Y2w|B; — By (24)

Now the values of ¥,/8, and H,/H,. can be plotted against
R, for varying R;. However, the nature of these curves de-
pends upon whether B; — J is greater than or less than zero.
Defining Bo* = =Ry, B1* = Ry, where the positive sign is
taken for B — J > 0, and the negative sign is taken for
By — J < 0, Figure 2 shows the variation of ./, and
H./Hq with respect to B and B:* and Figs. 3 and 4 show
the variation of ,/6, and H,/H,, with respect to Ry~ and
R,~. These plots reveal the following: 1) for a satellite
with B; — J < 0, values of K, in the region of Ko = w?*(J —
By) should be avoided. 2) For decreasing Ro*, B;™ or By,
R:~ corresponding to decreasing CMG spin angular momen-
tum, the satellite coning angle approaches

Yr = 8 = (bis® + bu®)2|(Bs — B)/(Bs — J)| (25)

This limiting value of ¢, = §, is hereafter called the light
control coning angle.

For increasing Ro*, R1* or Ry~, R, the control moment
gyros cannot have significant effect in decreasing the satellite
coning angle until the magnitude of their composite spin
angular momentum is of the order of the limiting value

ﬁr = Ho,- = O)(b132 + b232)1/2lBa -_ Bl| (26)

Low-Coupling Interconnection

For a low-coupling interconnection between bodies A and
B, it can likewise be shown that the symmetry axis of A
traces a right circular cone with half-angle ¥; once each
period T = 27/w sec

¥ = 8/ [(=1 4 ko) 4 k212 + Oslhon,hron,hu,haz,a)  (27)

where

8 = (bua? + b V2[(hor + @) + ha?1V2|(Bs — By)/J|

J = B; — By — Mly* @8
and O:(hot,hos,har,hiz,a) is a term of first order in by and by
multiplied by second and higher powers of ko1, o, fiu, 12,0 and
consequently may be neglected. Also, dropping higher
powers in these small parameters, the minimum magnitude
H; of CMG angular momentum necessary to provide the
control torques of [Eq. (1)] is determined as shown in Ref. 4.

H = Hu{(ke + £2)/[(=1 + k)* + k2112 (29)
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Fig. 2 Coning angle and minimum CMG momentum
B; > for J.

where

Ho = oJi(big? + b))V [(har + @)? + h?]2|(B; —
By)/J| (30)

The plots of Y¥:/8; and H,/Hy are similar to the plots of
Tigs. 3 and 4 where the ordinates are replaced by ¢:/8: and
Hi/Ho and Ry~ and R, are replaced by ko and k,, respec-
tively. The following observations may be made: 1)
values of K in the region Ko = w?%/; should be avoided. 2)
The satellite control system is not capable of producing
significant reductions in the magnitude of the coning angle
from the light control value ¢ = §; unless the magnitude
of the CMG composite angular momentum is at least the

100

E R;=10"2

| ¥,/8,Vs. Ry AND Ry

M| Rg=Kofw?u-By

Ry =Ky/w (0-Bg)
- = 1071
Ry =10
10+ 1

%
>

1071 I B I N IR S Y I
10 1 10

Ao

Fig. 3 Coning angle for B; < J.
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Fig. 4 Minimum CMG momentum for B; < J.

order of magnitude of the limiting value H; = Hy. The
assumption that CMGs provide the control torque of Eq.
(1) was not used to obtain expressions for the coning angles.
Consequently, Eqs. (21) and (27) apply for other types of
control.

Applications

Now the coning angle of A and control system requirements
for a satellite with a low-coupling interconnection are-com-
pared to those for the same satellite with a rigid interconnec-
tion. The ratio of light control coning angles is

Bg"‘-]‘

81/8, = 7 \ [(hor + a)? + hy?]V? (31)

A corresponding ratio of minimum values of CMG composite
angular momentum necessary to significantly reduce the
light control coning angles is

Ho/Ho = [(hor + a)? + h112]1/2J1/j (32)

Consequently, for hq, @, ki small quantities corresponding to
small gimbal axes torque coefficients and the gimbal axes
intersection located near the mass center of A or B, both the
magnitude of the light control coning angle and control
system requirements necessary to reduce that angle can be
substantially smaller for a low-coupling interconnection be-
tween the spinning and despun bodies than for a rigid inter-
connection.

This can be further illustrated by example. NASA has
suggested for study® a large space base that consists of a hub
with a nonrotating section, and a rotating section to which
three spokes are attached in a Y fashion and which is spinning
so as to provide an artificial gravity compartment at the
extremities of one of the spokes. To within NASA’s margin
of error for mass estimates, the space base is assumed to be
axially symmetrical with the following mass properties:
B; = 9.5 X 108 slug-ft?; M4 = 1.1 X 10*slugs; lu + Iz =
17 ft; Mp = 3.1 X 10*slugs. Additional data was not avail-
able. However, the spinning section B presents a flat profile
and its inertia characteristics approach those of a plane figure.
Hence, the following appears reasonable

B, = 4.85 X 108 slug/ft?

J. SPACECRAFT

and
A, = 3.2 X 107 slug/ft?

Now due to uncertainties in construction, structural de-
formations, and relocations of men and equipment, misalign-
ment of 0.5° and more of the spinning section principal axis
of inertia from the spin axis appears possible.

By Eq. (25), a 0.5° misalignment results in a light-control
coning angle of ¢, = 8. = 0.54°. A coning angle of 0.54°
is likely unacceptable. This amplitude of motion is outside
the fine pointing requirements for many experiments planned
for future space stations.® Also, for this amplitude and
w = 4 rpm, locations at distances greater than four feet from
the space base mass center experience instantaneous accelera-
tions greater than 10~*g. Some experiments, such as those
involving crystal growth, require accelerations perhaps less
than 10-5g.

Now if for these or other reasons the coning angle is unac-
ceptable, then, as declared in the aforementioned statement 2
for a significant reduction the CMGs must have a momentum
capacity of at least the order of Ho.. For w = 4 rpm, Eq.
(26) gives H, = Ho, = 1.69 X 10° f{-Ib-sec, a value far be-
yond the capacity of existing CMGs, 2300 ft-lb-sec CMG
for the Skylab type.

Now for the same configuration designed with a low-
coupling interconnection, the parameter ¢ can be made less
than 4 X 1072 by constructing the gimbal system such that
the gimbal axes intersection lies one foot or less from the mass
center of either body. Also, even for gimbal axes torques
of the order of 1000 ft Ib, Ao and A are less than 0.05.

Consequently, taking @ = 4 X 1073 hg = hy = 0.05, I
= 1t and using Eq. (31), 6, = 0.068 X §, = 0.037°. Also,
for a significant reduction in this coning angle, the CMGs
must have a momentum capacity of at least the order of Hy.
From Eq. (32), Hy = 0.537 X 1072 X H, = 9100
ft-lb-sec, a value which could be provided by four Skylab
CMGs.

In practice values of hy and Ay much less than 0.05 prob-
ably can be obtained. Although these potentially offer
greater reductions in motion and control requirements, such
small hg; and Ay are not considered here due to mathematical
complications resulting from these quantities approaching
the size of the measure |u| of spin axis misalignment. Ques-
tions of stability arise because it is necessary to consider
kot and hy, as being of the order of |u| so that terms involving
these are shifted from matrix D to matrix F in Eq. (14).
Then D has zero characteristic roots and the foregoing sta-
bility analysis does not apply.

Nevertheless, it seems probable that stability difficulties
do not occur except for imaginary parts of the characteristics
roots for matrix D of Eq. (14) in the regions of 2nw, n =
+1, 2, ... ; and for system design to avoid these regions,
very small values of Ay and Ay, and corresponding very small
motions and control requirements could be achieved. How-
ever, to verify this supposition requires more general tech-
niques, the most practical probably being numerical Floguet
analysis. Since the main purpose of this study is to demon-
strate that low-coupling interconnection may offer advantages
over rigid interconnection, such a detailed computerized
approach requiring specific choices of system parameters is
beyond the scope of this work.

Tinally, criteria other than stability and isolation could
affect the selection of hg and hy and other system param-
eters. One example is time for transients to decay.

Appendix A: Periodic Solutions to a Set
of Differential Equations

Coddington and Levinson® have set forth sufficient condi-
tions for existence and asymptotic stability of periodic solu-
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tions to a set of differential equations of the form

z = f(Tyx:IJ') (Al)

where z is a column vector with n components, f is periodic
in 7 of period T, and x may be a real constant vector. In
addition, a method of successive approximations is estab-
lished for determining these periodic solutions.

Following is a brief outline of the discussions of Ref. 6
with a slight modification in the statement of the method of
successive approximations allowing g to be a column vector
with two components rather than a scalar.

For each 7, let f be analytic (i.e., each f;, ¢ = 1, , N
is representable by a convergent power series) in (x p) for
|u] small, and consider the case where Eq. (A1) with p =
has a solution p of period T. Defining the first variation of
Eq. (A1)

(r,p(m),0)y; = falr,p(r),0)y (A2)

‘,“’L.,

n
- 25
then,

Theorem 1

If Equation (A2) has no solution of period T other than
the trivial solution y = 0, then for small {u], Eq. (A-1) has
a unique solution ¢ = g{7,u) periodic in 7 of period T with
g(r,0) = pl7).

Also, it may be shown that ¢ is analytic in p for small
lu} and any 7. Then, g(g,7) has a convergent power series
representation, which for pu a column vector with dimension

two
]
"‘ p—1
23]
has the form

4(rp) = pO@) + wp®OE) + PO + ... (A3)

Also, by assumption f(r,q(r,u),u) has a power series repre-
sentation and substituting this together with Eq. (A3)
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into Eq. (A1) and equating powers of w,, us, there results
dp/dr»® = flr,p*(r),0]
ap/dr(sy = fur,p®(1),01pn ™Y 4 Of [r,p®(7),01/0m
(A4)
apt2/drry = fr,p®(T),0lpey ™ + Of[r,p®@(7),01/dps

where p@(r) = p(r). Since ¢ is known to exist as an analytic
function of u, the system (A4) provides that solution. Suffi-
cient conditions for stability of ¢ follow.

Theorem 2

If the real parts of the characteristic exponents of Eq.
(A2) are negative, then the solution ¢ = ¢(r,u) of Eq. (A1)
is asymptotically stable provided |u| and ||, are small.
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